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What is a SMT Solver? 



Multiple Approaches 

is a portfolio of solvers 



Preprocessing 
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Modular Architecture is 
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Model Converters 

Extension Filter 

Model 
builder 
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Model Converter: Filter 
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Model Converter: Filter 
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Model Converter: Extension + Filter 
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Preprocessors 

1. Produce Equivalent Formula 

2. Produce Equisatisfiable Formula 

оΦ !ǎǎǳƳŜ άŎƭƻǎŜŘ ǿƻǊƭŘέ όƴƻƴ-incremental) 

Example: symmetry reduction 

 



Simple QF_BV  (bit-vector) solver 

Simplify 

Variable elimination 

  

Ὂ 

Bit-blasting 

Tseitin CNF converter SAT Solver 



Under/Over-Approximations 

Under-approximation 

unsat answers cannot be trusted 

Over-approximation 

sat answers cannot be trusted 



Under/Over-Approximations 

Under-approximation 

model finders 

Over-approximation 

proof finders 



Under/Over-Approximations 

Under-approximation 

S ­ S Ç {Ω 

Over-approximation 

S ­ S \  {Ω 

 

 



Under/Over-Approximations 

Under-approximation 

Example: QF_NIA model finders 

add bounds to unbounded variables (and blast) 

Over-approximation 

Example: Boolean abstraction 

 



Under/Over-Approximations 

Combining under and over is bad! 

sat and unsat answers cannot be trusted. 



Tracking: under/over-
approximations 

Proof and Model converters can check if the 
resultant models and proofs are valid. 

 



CEGAR is your friend 
Counter-Example Guided Abstract Refinement 

procedure Solver(F) 

 Fp := Abstract(F) 

 loop 

  (R, M) := Solve(Fp) 

  if R = UNSAT then return UNSAT 

  wΩ ΥҐ Check(F, M) 

  if wΩ Ґ {!¢ then return SAT 

   Fp := Refine(F, Fp, M) 

Using over-approximation 

Model 



CEGAR is your friend 
Counter-Example Guided Abstract Refinement 

procedure Solver(F) 

 Fp := Abstract(F) 

 loop 

  (R, Pr) := Solve(Fp) 

  if R = SAT then return SAT 

  wΩ ΥҐ Check(F, Pr) 

  if wΩ Ґ ¦b{!¢ then return UNSAT 

  Fp := Refine(F, Fp, M) 

Using under-approximation 

Proof 



CEGAR is your friend 
Counter-Example Guided Abstract Refinement 

Refinements: 

 

Incremental Solver 

 

Run over and under-approximation is parallel 



Uninterpreted Functions by CEGAR 

Suppose we have a Solver that does not support 
uninterpreted functions (example: QF_BV solver) 

Congruence Rule: 
ὼρ  ώρȟȣȟὼὲ  ώὲᵼ Ὢὼρȟȣȟὼὲ  Ὢώρȟȣȟώὲ  



Uninterpreted Functions by CEGAR 

Congruence Rule: 
ὼρ  ώρȟȣȟὼὲ  ώὲᵼ Ὢὼρȟȣȟὼὲ 

Abstract: replace each f-application with a fresh variable 

(over-approximation) 
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Uninterpreted Functions by CEGAR 

Congruence Rule: 
ὼρ  ώρȟȣȟὼὲ  ώὲᵼ Ὢὼρȟȣȟὼὲ 

Check: check if congruence rule is satisfied 
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 ὯḳὪὥ ρȟ 

 ὯḳὪὦ 

ὥᴼρȟὦO πȟὧO πȟὯᴼπȟὯᴼρ 



Uninterpreted Functions by CEGAR 

Congruence Rule: 
ὼρ  ώρȟȣȟὼὲ  ώὲᵼ Ὢὼρȟȣȟὼὲ 

Refine: expand congruence axiom   ὥ ρ ὦᵼὯ Ὧ 
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Uninterpreted Functions by CEGAR 

Congruence Rule: 
ὼρ  ώρȟȣȟὼὲ  ώὲᵼ Ὢὼρȟȣȟὼὲ 

Refine: expand congruence axiom   ὥ ρ ὦᵼὯ Ὧ 

 
ὥ ὦ ρȟὯ ὧȟὯ ὧȟὥ ρ ὦᵼὯ Ὧ   

unsat 

ὥ ρ ὦ᷉ Ὧ Ὧ 



UF by CEGAR 
 

Simple QF_UFBV Solver 

QF_BV 
solver 



AUF by CEGAR 
 

Simple QF_AUFBV Solver 
arrays on top of UF 

QF_BV 
solver 

Lemmas on Demand For Theory of Arrays [Brummayer-Biere 2009] 



Simple UFBV Solver 
model-based quantifier instantiation 

MBQI 
 

UF by CEGAR 
 

QF_BV 
solver 

Efficiently solving quantified bit-vector formulas [Wintersteiger at al 2010] 



{ƛƳǇƭŜ vCψbL! άǎƻƭǾŜǊέ ōȅ /9D!w 
nonlinear integer arithmetic 

IƛƭōŜǊǘΩǎ млth Problem 

DPRM theorem: QF_NIA is undecidable 

 

Idea: use (under-approximation) CEGAR 

1. Add lower/upper bounds to all variables, and convert 
into QF_BV 

2. If SAT Ą done 

3. Otherwise, refine: increase lower/upper bounds 



Lazy SMT as CEGAR 

Suppose we have a Solver that can only process a conjunction of 
literals. 

 

Examples:  

 Congurence Closure (UF),  

 Simplex (Linear Real Arithmetic) 



Lazy SMT as CEGAR: 1. Abstract 

Basic Idea 
x ² 0, y = x + 1, (y > 2 Ù y < 1)  

p1,  p2, (p3 Ù p4) p1 ¹ (x ² 0), p2 ¹ (y = x + 1),  

p3 ¹ (y > 2), p4 ¹ (y < 1) 

[Audemard et al - 2002],  [Barrett et al - 2002], [de Moura et al - 2002] 

[Flanagan et al - 2003], é 



Lazy SMT as CEGAR: 2. Solve 

Basic Idea 
x ² 0, y = x + 1, (y > 2 Ù y < 1)  

p1 ¹ (x ² 0), p2 ¹ (y = x + 1),  

p3 ¹ (y > 2), p4 ¹ (y < 1) 

p1,  p2, (p3 Ù p4) 

SAT  
Solver 



Lazy SMT as CEGAR: 2. Solve 

Basic Idea 
x ² 0, y = x + 1, (y > 2 Ù y < 1)  

p1 ¹ (x ² 0), p2 ¹ (y = x + 1),  

p3 ¹ (y > 2), p4 ¹ (y < 1) 

p1,  p2, (p3 Ù p4) 

SAT  
Solver 

Assignment 
p1,  p2, ×p3, p4 



Lazy SMT as CEGAR: 3. Check 

Basic Idea 
x ² 0, y = x + 1, (y > 2 Ù y < 1)  

p1,  p2, (p3 Ù p4) 

SAT  
Solver 

Assignment 
p1,  p2, ×p3, p4 

p1 ¹ (x ² 0), p2 ¹ (y = x + 1),  

p3 ¹ (y > 2), p4 ¹ (y < 1) 

x ² 0, y = x + 1,  

×(y > 2), y < 1 



Lazy SMT as CEGAR: 3. Check 

Basic Idea 
x ² 0, y = x + 1, (y > 2 Ù y < 1)  

p1,  p2, (p3 Ù p4) 

SAT  
Solver 

Assignment 
p1,  p2, ×p3, p4 

p1 ¹ (x ² 0), p2 ¹ (y = x + 1),  

p3 ¹ (y > 2), p4 ¹ (y < 1) 

x ² 0, y = x + 1,  

×(y > 2), y < 1 

Theory 
Solver 

Unsatisfiable 

x ² 0, y = x + 1, y < 1 



Lazy SMT as CEGAR: 4. Refine 

Basic Idea 
x ² 0, y = x + 1, (y > 2 Ù y < 1)  

p1,  p2, (p3 Ù p4) 

SAT  
Solver 

Assignment 
p1,  p2, ×p3, p4 

p1 ¹ (x ² 0), p2 ¹ (y = x + 1),  

p3 ¹ (y > 2), p4 ¹ (y < 1) 

x ² 0, y = x + 1,  

×(y > 2), y < 1 

Theory 
Solver 

Unsatisfiable 

x ² 0, y = x + 1, y < 1 

New Lemma 

×p1Ù×p2Ù×p4 

 

 



Lazy SMT as CEGAR: 4. Refine 

Basic Idea 

Theory 
Solver 

Unsatisfiable 

x ² 0, y = x + 1, y < 1 

New Lemma 

×p1Ù×p2Ù×p4 

 

 
AKA 

Theory conflict 



Lazy SMT as CEGAR: refinements 

Many refinements: 

Incrementality 

Efficient Backtracking 

Efficient Lemma Generation 

Theory propagation - DPLL(T) [Ganzinger et all ς 2004] 

 

Many SMT solvers are based on DPLL(T) 

 



DPLL(T) weakness 

Theories ŀǊŜ άǎŜŎƻƴŘ-Ŏƭŀǎǎ ŎƛǘƛȊŜƴǎέΦ 

DPLL(T) is not model-driven (key property of CDCL). 

M
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CDCL: Conflict Driven Clause Learning 

Resolution 

DPLL 

Proof 

Model 



DPLL(T) weakness 

5t[[ό¢ύ ǿƻǊƪǎ ǿŜƭƭ ƻƴƭȅ ŦƻǊ άŜŀǎȅέ ǘƘŜƻǊƛŜǎΦ 

Examples: 

 Uninterpreted functions 

 Difference logic (ὼ ώ ὧ) 

 Linear real arithmetic 

άIŀǊŘ ǘƘŜƻǊƛŜǎέΥ 

 Linear integer arithmetic 

 Arrays 

 Nonlinear real arithmetic  



Example: Nonlinear Real Arithmetic 

ὼ τὼ ώ ώ ψ ρ 
 ὼώςὼ ςώ τ ρ 

PSPACE 

QF_NRA 

NP-hardness 

Ȅ ƛǎ ά.ƻƻƭŜŀƴέ­  x (x-1) = 0  

x or y or z       ­  x + y + z > 0 

PSPACE membership 

Canny ς 1988, 

DǊƛƎƻǊΩŜǾ ς 1988 

 

NP 


