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Polynomial Constraints
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Milestones

RCF admits QE
o=y non elementary complexity
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QE by CAD
Doubly exponential



Other Relevant Work

High-School Level Procedures - Cohen, Muchnick, Hormander 60’s
Wu’s method for Geometry Theorem Proving - Wu 1983
Solving equations in C via Grobner Basis - Buchberger 1985

JR in exponential time - Grigor’ev 1988, Canny 1988, Renegar 1989

In practice CAD based methods are far superior

VTS: Virtual Term Substitution (Weispfenning 1988)

Special cases (e.g., quadratic, cubic) for QE



How hard is JR?

PSPACE membership
PSPACE Canny — 1988,

Grigor’ev — 1988
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NP-hardness
X is “Boolean”— x (x-1)=0
Xoryorz — x+y+z>0




Multivariate Polynomials
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CAD “Big Picture”

1. Project/Saturate set of polynomials

2. Lift/Search: Incrementally build assignment v: x;, = a;,
Isolate roots of polynomials f;(a, x)
Select a feasible cell C, and assign x;, some a, € C
If there is no feasible cell, then backtrack



x4 +y? —1<0

CAD “Big Picture”
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CAD “Big Picture”

iyt 1< L xteate
xy —1>0 1. Saturate  x*—1
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—2y —1 + 0 -

Xx— — 2 ﬁ 2. Search

X - - = 0 +
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CAD “Big Picture”

x2+y2 —1<0 > xr-xf+l
xy —1>0 1. Saturate x4 —1
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Our Procedure

Static x Dynamic
Optimistic approach
Key ideas

NEW Calculus / Abstract Procedure

Start the Search before Saturate/Project
We saturate on demand



Our Procedure (1)

Two kinds of decision

1. case-analysis (Boolean)

x2+y?<1vx<O0vxy>1
2. model construction (CAD lifting)

X— — 2
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x*—x%+1 + + + + +
x%—1 + 0
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(1, )



Our Procedure (1)

Two kinds of decision
1. case-analysis (Boolean)

2. model construction (CAD lifting)

Parametric calculus: explain(F, M)

Finite basis explanation function

Explanations may contain new literals

They evaluate to false in the current state



Our Procedure (2)

Key ideas: Use partial solution to guide the search

Feasible Region

—4xy —4x+y>1

x3 +2x%+3y?—-5<0

Stgrting search

What is the core?

x2+y2<1

Partial solution:
x 0.5

Can we extend it to y?




Our Procedure (2)

Key ideas: Use partial solution to guide the search

Feasible Region

—4xy —4x+y>1
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x3 +2x%+3y?—-5<0

Stgrting search

What is the core?

x2+y2<1
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Partial solution:
x 0.5

Can we extend it to y?



Our Procedure (3)

Key ideas: Solution based Project/Saturate

P.(A, x)

| coeff(f,z)u ) psc(g,gb2)U | psc(girg),)

feA fEA i< j
geER(f,x) g; ER(f;,x)

% 95 ER(f5,x)

Standard project operators are pessimistic.
Coefficients can vanish!




Our Procedure (4)

Key ideas: Lemma Learning

Prevent a Conflict from happening again.

x — 0.75 o5 g
y = 0.75 [

Conflict Current assignments does
x*+y*+2z° <1 not satisfy new constraint.

Lemma V Tlo —os oo o0s 10

—1<x<1 Ay>rooty,(1— y%—x2) = 1



Our Procedure (5)

Key ideas: Nonchronological Backtracking

o Conflict
xw =1

E The values chosen for z and y
are irrelevant.




Machinery

Multivariate & univariate Polynomials
Basic operations, Pseudo-division,
GCD, Resultant, PSC, Factorization,

Root isolation algorithms, Sturm sequences

. . a
Binary rationals .

Real Algebraic Numbers



Real Algebraic Numbers
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Complexity Trap: P # Efficient

“Real algebraic numbers are efficient”
“CAD is polynomial for a fixed number of variables”

(Zn)3T+1m27"d2
Every detail matters

GCD of two polynomials
Our procedure “dies” in polynomial time steps

Real algebraic number computations

Computing PSCs
Root isolation of polynomials with irrational coefficients



Example
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275981604809658125488926381199985855193552775515144632223023339400572704101030486623630265311259465820514249485787529521385167557247179634103204576231424 xA512 +
6005496113851709232159189387155432129186124262387022345374062107799536035700179566807919823125222614801401602675421835585186474612352437820625632425410560 x"508 +
9868516235764070332516671284250750538717740924705210798820147280258964925351014753466294425389789490898418284195320252535878334248758178877215099657912320 x"504 -
378028159474387237425783924562370206464801541899173138738283448214552506310481207722925933354771900671555660223317431714107705017411150737102305045174550528 x"500 -
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2167996804993158163001181995783226793635123598671754662727385112374477494375636416301609442111303553129819996897856795247956675815003699183308595660549691310866432 x"432 +
9240121069267051295045417000851608693216707145106865888222118073936078384812617095103340753185561818646400333469464298879016638319832506639469499496502215581892608 x"428 +
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Systems
Mathematica: Wolfram’s Research (CAD, FD CAD, ...)
Redlog (VTS, CAD, Simplifications, )
QEPCAD (Collins students)

MiniSMT (@(v2) model finder)
ISAT (interval based)
CVC3

Z3 3.x (GB, Simplex, interval analysis, VTS, Q(v2) model finder)



Experimental Results (1)

OUR NEW ENGINE

meti-tarski (1006) | keymaera (421) |zankl (166) | hong (20) |kissing (45)| all (1658)
solver solved time (s) solved time (s) solved time (s) solved time (s) solved time (s) solved time (s)
nlsat 1002 343|420 5 89 234 10 170| 13 951534 849
Mathematica | 1006 796 | 420 171 50 366 9 208 6 29| 1491 1572
QEPCAD 991 2616 | 368 1331 21 38 6 43 4 5| 1390 4036
Redlog-VTS 847 28640 419 78| 42 490 6 3| 10 275| 1324 29488
Redlog-CAD | 848 21706| 363 730 21 173 6 2 4 0| 1242 22613
z3 266 83| 379 1216 21 0 1 0 0 0| 667 1299
iISAT 203 122 291 16| 21 24| 20 822 0 0| 535 986
cvc3 150 13| 361 5 12 3 0 0 0 0| 523 22
MiniSmt 40 697| 35 0| 46 1370 0 0 18 44| 139 2112




Experimental Results (2)

cumulative time (s)
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Example

ldeclare-const rl Real)
ldeclare-const rZ Real)
ldeclare-const pl Real)
lassert (> r2 0}
lassert (> rl 0}
lassert (> r2 rl))

[assert (= (* 4 [+ (* 720 rl rl) (* 180 r2 2111
(F 75+ (24 rl) (¥ &6 ra))lll)]
[assert [= [¥ pl
(+ (* [— 881 rl r2d rd pl pli
[* 56 rl r2d rz2 pl)
(* [(— 428300 rl1l rl pl pl r2)
[* [— 335) rl pl rad)
[* 5& rZ rl)
(* pl pl)
(* 450 rl rl1l pl rd)
[(* [— 8301 rl1l ri)
[* 128 rl1l rl1l rl)
[* 80 rl rl pl)
[* [— 20) ra r2d pl)
(* (- a0) rz pl)
(= 53]
[* r2 r2 pl pll
[* [— 256) rl rl rl pl)
(* 128 rl rl rl pl pl)
[* 32 rl r2 r2)11)1)
arl

lassert (> pl 0O}



(model

[define-fun r2
(f 11.0 16.0))

[define-fun
[coot—-0bh]
[define-fun
[Foot—-0obh]

ldeclare-const rl Real)
ldeclare-const rZ Real)
ldeclare-const pl Real) j

lassert
lassert
lassert
lassert

[as=sert

lassert

[ =
[ =
[ =
=

|:=

ra
ril
ra
|:1r
|:1r
|:1f

a1

0l
0l
rlj)
3 [+

pl

(+ [*
|:'.'r
|:'.'r
|:'.'r
|:'.'r
|:'.'r
|:'.'r
|:'.'r
|:'.'r
|:'.'r
|:'.'r
|:'.'r
|:_
|:'.'r
|:'.'r
|:'.'r

|:'.'-'

(= pl O))

(% 720 rl ril)
TS+ (Y 24 rl)

[— 881 rl r2d r2 pl pl

56 £l r2 ri pl)

(— 4580) rl rl1l pl pl £2)

i— 335] rl pl rZ)

55 2 rl)

pl pi)

450 rl1l rl pl r2)
[— 80) rl rl)

128 r1 rl r1l)

20 rl1l rl1 pl)

[— 201 rad r2d pl)

[— 201 r2 pl)

55

r2 r2 pl pll

[— 256) rl rl rl pl)
1258 rl1 rl rl pl pl)
32 rl r2 rZl))

ril
[+
prl
[+

[+ 130 rZ rad)))
(* & ra)lll)

(]

(]
|:1r
(]
['.'r
|:'.'r

|:_

Feal

Feal

1024 (™ = 2Z1) (¥ (- &640) =) 11) 1)

Feal

TETITEEL O X 41 (f (- 32333199907 (t x 3]
(— 8096543955) (* x 21) (* (- 3675549900 =)

13433299001 27



[ode 1

[define-fun r<s ()] Real
i/ 11.0 16.07)
([define-fun rl () Real
(root-okiy (+ (¥ 1024 (* = 2)) (¥ (- 640) =) 11) 1))
[define-fun pl ()] Real
(root-okb]i (+ (¥ 777175861 (" = 4)) (% (- 323331992920) (* = 3))
(¥ [— 809/545955) (* =x 2)) (¥ [(— 3A7TE549900) x)

(- 1343329900)1) 2]

[zet—-option pp-decimal true)

[ewval pl)

43.99602475417

[zet—-option pp-decimal-precizion 50)

[ewval pl)
43.9960247541979132737540606552016760454240355699253457



Generating Proofs

The “skeleton” is a resolution proof.

Our current explain(F, M) is based on CAD.

Lemmas are hard to check.

Alternative: explain(F, M) based on

Cohen, Muchnick, Hormander
Easy to Check.
Nonelementary complexity.



Future Work

Other explain procedures and refinements
New real algebraic number package
Heuristics: variable reordering, lemma GC, etc.
Simplex integration for pruning state space
Algorithmic improvements

QE based on our procedure

Nonlinear integer arithmetic

Transcendental functions



