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Symbolic Reasoning

Software analysis/verification tools
need some form of symbolic reasoning

Logic is “The Calculus of Computer Science”

Zohar Manna
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SAT

pP1V Dy, —pL VP, VDps P3
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p, = true, p, = true, p; = true

CNF Is a set (conjunction) set of clauses
Clause Is a disjunction of literals
Literal Is an atom or the negation of an atom



Two procedures

DPLL

Proof-finder Model-finder
Saturation Search



Resolution

Cvl, Dv-al = CvD

[, —l = unsat

Improvements

Delete tautologies [v =lv C

Ordered Resolution

Subsumption (delete redundant clauses)
C subsumes CV D



Resolution: Example

—D \/ —q N/ r, TP N/ q, p N/ r, r



Resolution: Example

D N/ —q \/ r, TP \/ q, p \/ r, r

D \/ —q \/ T, TP \/ q, p N/ r, r, ¢ \or



Resolution: Example

pNVogNVr, opVag, pVor, r
D \/ —q \/ r, TP \/ q, p \/ r, T, 1q Vs

—pN -qgVr, opVg, pVr, or, gVr, gV



Resolution: Example

—p N/ —q \/ r, TP \/ q, p \/ r, r —
P \/ —q \/ r, Tp \/ q, p \/ r, r, 7q Vor —
—p \/ —q \/ r, TP \/ q, p \/ r, r, g \/ r, g \ 7 —

P N/ —q \/ r, Tp \/ q, p \/ r, r, 7q \/ r, q \/ r,T



Resolution: Example

P \/ —q \/ T,
D \/ —q \/ T,
P \/ —q \/ T,
D \/ —q \/ T,

unsat

—p \/ q, p \/ T,
—p \/ q, p \/ T,
—p \/ q, p \/ T,
—p \/ q, p \/ T,

—-r
-r, gV
-r, gV T, gVr

-, gV T, gV, T

P4



Resolution: Problem

Exponential time and space



Unit Resolution

Cvl Al = C -
ﬁ subsumes

Cvli

Complete for Horn Clauses

—q,V ..V agqnVp



DPLL

Split rule

S
S,p S,—p

DPLL = Unit Resolution + Split rule



DPLL

xXVYy, X VY, XV =y, =XV Ay

xXVYy,

—XVYy,
XV =y,
=X V =Y,



DPLL

xXVYy, X VY, XV =y, =XV Ay

xVy,

—XVYy,
XV Ay,
=XV =y,



DPLL

xXVYy, X VY, XV =y, =XV Ay

v,
1Y,



DPLL

xXVYy, X VY, XV =y, =XV Ay



DPLL

XVYy, —XVYy, XV Ay, =XV Ay
v, XV Y,
=y, - XV YV,
x’ XV _Iy,
unsat XV oay,

—X



DPLL

xXVYy, X VY, XV Ay, =XV Ay

v, xVy,

Y, —XVYy,

X, XV =y,
unsat XV 4y,

—X



CDCL: Conflict Driven Clause Learning

Model

Proof




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)

|

X =2

Propagations




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)
x=2">x=>1

Propagations




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)
x=>2—>x>1»y=1

Propagations




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)
x>2-—>x>1—>y=>1 x*2+y?<1

Decisions




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)
x22——>x21——>y21 X2+y2S1 X — 2

Model Assignments




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)
x22——>x21——>y21 X2+y231 X — 2

Model Assignments

We can’t falsify any fact in the trail.




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)

_—

x>2—>x>1y=1 x24+y2 <1 x> 2

Conflict

We can’t find a value of y
st.4+y4 <1




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)

_—

x>2—>x>1y=1 x24+y2 <1 x> 2

Conflict

Learning that
—|(X2 + y2 <1V —(x=2)
is not productive

We can’t find a value of y
st.4+y4 <1




X = 2,

|

(~x=>1vy=>1), (x*+y°<1vxy>1)

|

X = 2-

Sy > 1>y =1 x°+y*<1| x> 2

x -1 <

—“(x*+y*<1)vx<i




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)
x>2—>x>1ry=>1 x2+y?<1-—x<1

T

“(x*+y*<1)vx<i




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)
x>2-—=>x>1ry=1 x2+y?<1—x<1

T

“(x*+y*<1)vx<i

Conflict
—(x = 2)V—|(x <1)




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)
x=>2-—>x>1>y=21 x*+y*<1

“(x*+y*<1)vx<i

Learned by resolution
~(x=2)va(x?+y?<1)




MCSat

x>2, (—x=1vy=>1), (x*+y?<1vxy>1)

_—

x =2 =1y =1 a(x*+y*<1)
A

“(x=2)Va(x?+y*<1) —  SxP+y?<1vx<i



MCSat — Finite Basis

Every theory that admits quantifier elimination has a finite
basis (given a fixed assignment order)

F[Xl, v Xy V1 'y‘m]

N

x4, ...,xn:‘F\[icl, iy X V]

CilY1) eor Ym] Ao 7

—|F[X1, vy Xy Y1 ""ym] \% Ck [yl; 'ym]



MCSat — Finite Basis

Fn [xl,xZJ vy Xn—1, xn]

Fn—l [x1,x2: ) xn—l]



MCSat — Finite Basis

‘ Falx1,%2, o) Xpn—1, X ]

Filx



MCSat — Finite Basis

Fn [xl,xZJ vy Xn—1, x‘n]

- Fn—l [xl,xZJ "y x’n—l]

Fi[x4]




MCSat — Finite Basis

Fn [xl,xZJ vy Xn—1, x‘n]

- Fn—l [xl,xZI ) x’n—l]

- Fa|x1,x,]




MCSat — Finite Basis

Every “finite” theory has a finite basis

F[xl""'xn'yl""’ym] yj. _)al’ ""ym_)am

Y1 =& Ym = A,



MCSat — Finite Basis

Theory of uninterpreted functions has a finite basis

Theory of arrays has a finite basis [Brummayer- Biere 2009]

In both cases the Finite Basis is essentially composed of
equalities between existing terms.



MCSat: Termination

Propagations ‘

Decisions {0

Model Assignments @




Propagations .

Decisions .

Model Assignments @




Propagations .

Decisions .

Model Assignments @




MCSat

Maximal Elements

\ )
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|FiniteBasis|




x>2, (~x=1vy=>1), (x*+y*<1vxy>1)

!

x=>2—>x>1—y=1 x2+y2S1-—>xS1

Conflict
-(x=2)va(x<1) —|(x2+y2S1)VxS1




x>2, (~x=1vy=>1), (x*+y*<1vxy>1)

!

x=>2—>x>1—y=1 x2+y2S1-—>xS1

Conflict
-(x=2)va(x<1) —|(x2+y2S1)VxS1

x>2, (—x=1vy=>1), (x*+y*<1vxy>1)

!

x=>2—=>x>1—y=1 ;'(xz +y2<1)
A

“(x“+y*<1)vx<1

“(x=2)Vaxt+y?<1) ——



x>2, (qx=1vy=>1), (x*+y?<1vxy>1)

000 -0

Conflict T
-(x=2)va(x<1) —|(x2+y2S1)VxS1

x>2, (~x=1vy=>1), (x*+y*<1vxy>1)

—(x = 2)V—|(x2 +y2 <1)

“(x“+y*<1)vx<1



MCSat

x<1lVp,

pVx =2




MCSat

x<1lVp,

pVx =2




MCSat

x<1lVp, pVx =2

x -1

Conflict (evaluates to false)




MCSat

x<1lVp, —pVx =2

New clause
x<1lvx =2




MCSat

x<1lVp, —pVx =2

New clause
x<1lvx =2

x <1




MCSat

x<1Vp, —pVx =2

- @

New clause
x<1lvx =2




MCSat: Architecture

Boolean

s




MCSat: development

Z3 G




